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We find that a suppression of the collapse and revival of population inversion occurs in response to inser-
tion of Gaussian quenched disorder in atom-cavity interaction strength in the Jaynes-Cummings model. The
character of suppression can be significantly different in presence of non-Gaussian disorder, which we uncover
by studying the cases when the disorder is uniform, discrete, and Cauchy-Lorentz. Interestingly, the quenched
averaged atom-photon entanglement keeps displaying nontrivial oscillations even after the population inversion
has been suppressed. Subsequently, we show that disorder in atom-cavity interactions helps to avoid sudden
death of atom-atom entanglement in the double Jaynes-Cummings model. We identify the minimal disorder
strengths required to eliminate the possibility of sudden death.
I. INTRODUCTION
The Jaynes-Cummings (JC) model, developed by Edwin
Jaynes and Frederick Cummings in 1963 [1], is possibly the
simplest model describing a two-level quantum system, inter-
acting with a single mode of a quantized field. In this model,
the field interacting with the two-level system was treated
quantum mechanically, in contrast to the (semi-classical)
methods where the field was treated classically. Evidence of
oscillation of coherence of this model and decay of the oscil-
lation amplitude, was noted by Cummings [2], for short time
intervals. In [3], the authors demonstrated periodic collapses
and succeeding revivals, at larger times, of the atomic popu-
lation. They found an expression for a short-time “collapse
function”, and observed periodical long-time revivals and a
monotonically decreasing envelope of the revivals. In [4],
the quantum collapse and revival conjectured in the JC model
was verified experimentally. The time evolution for relatively
short times of population inversion in the JC model has peri-
odic collapse-revival nature [5]; however, at later times, there
appear fractional revivals, i.e., revivals that occur at a time
which is a non-integer multiple of the time interval between
revivals near the initial time and that has a smaller amplitude
than that of the initial revivals [6, 7]. The superstructure (re-
vivals, fractional revivals and super revivals) of this model
was also described later in 1993 [8]. The nature of atom-
photon entanglement in this model was studied in [9]. See
also [10]. Evolution of the atomic density matrix of a dissipa-
tive JC model was studied in [11]. They also proposed a limit
for which the matrix converges to a state of maximum von
Neumann entropy. The entanglement dynamics of a double
Jaynes-Cummings model was studied in [12–16]. The phe-
nomenon of entanglement sudden death (ESD) was observed
in the double JC model in [17, 18]. For further studies, see
[19–26].
In realistic scenarios, the fabrication of a perfect cavity with
the atom sitting at a locked position inside the cavity is quite
challenging. There are copious possibilities of fluctuations
in tuning the components of the set-up, which pushes the ac-
tual experiment away from the ideal scenario, typically de-
scribed in the literature. This difficulty gives rise to disorder
in the parameters, contributing to alteration in the dynamics
of the atom-cavity system, which in turn changes the nature
of dynamics of various physical properties associated to the
system. Our aim in this work is to look into such effects of
disorder on the dynamics of JC models. More precisely, we
find the response to disparate strains of quenched disorder in
the atom-cavity interaction parameter on population inversion
and atom-photon entanglement in a single atom-cavity system
described by the JC model, and the atom-atom entanglement
in a double JC model.
In Sec. II, we briefly describe the JC model and the phe-
nomenon of collapse and revival of population inversion. In
Sec. III, the concept of quenched disorder and quenched av-
eraging is discussed in the context of the Jaynes-Cummings
model with a quenched disordered atom-cavity coupling con-
stant. The coupling constant is assumed to be respectively
affected by four paradigmatic forms of disorder distributions,
viz., Gaussian, Uniform, Discrete and Cauchy-Lorentz. The
concepts of median and semi-interquartile range, required for
analyzing the Cauchy-Lorentz disordered parameter, are also
reviewed. Sections IV and V consider the response of popu-
lation inversion to the different types of disorder. Setion. VI
briefly recapitulates the dynamics of atom-photon entangle-
ment in the clean JC model. In Section VII, we present the
results about the response of atom-photon entanglement to a
disordered interaction in the JC model. In Section VIII, we
consider the double JC model, focussing on the behavior in
time of atom-atom entanglement. We separately consider the
cases which exhibit entanglement sudden death and the ones
which do not. In each case, we find the response of atom-
atom entanglement to quenched disordered atom-cavity inter-
actions. In particular in Sec. VIII B, we locate the regions in
the system parameter spaces, formed by the strengths of the
disorder in the interactions and the initial state entanglement,
that allows entanglement sudden death even after quenched
averaging and that precludes the same. A conclusion is pre-
sented in Sec. IX.
II. THE JAYNES-CUMMINGS MODEL
The interaction Hamiltonian of a single mode of a quantized
field of frequency ν with a single two-level atom in the JC
model is given by
HI = ~g(|1〉〈0|a+ |0〉〈1|a†), (1)
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2where |0〉 and |1〉 are the ground and excited states of the two-
level atom, a and a† are respectively the annihilation and cre-
ation operators of the photon field mode and g is the coupling
strength between the cavity (realizing the mode) and the atom.
The total Hamiltonian of a single Jaynes-Cummings set-up
can be represented as
H =
~ω
2
σz + ~νa†a+HI , (2)
where ~ω is the energy difference between the atomic levels
and σz = |0〉〈0| − |1〉〈1|.
The initial states of the field and atom are respectively chosen
as
|ψ(0)〉field =
∞∑
n=0
Cn|n〉
and
|ψ(0)〉atom = α|0〉+ β|1〉.
The states |n〉, n = 0, 1, 2, ...., of the mode are the photon
number states. Cn, α, β are complex constants.
The initial atom-cavity joint state is
|ψ(0)〉 =
∞∑
n=0
Cn(α|0, n〉+ β|1, n〉), (3)
where |0, n〉 and |1, n〉 are the states of the total system, hav-
ing n photons in the field and the atom being in ground and
excited states, respectively. The eigenvectors evolve as [24]
|ψ1,n(t)〉 = e
−iHt
~ |1, n〉
= cos(gt
√
n+ 1)|1, n〉 − i sin(gt√n+ 1)|0, n+ 1〉 (4)
and
|ψ0,n(t)〉 = e
−iHt
~ |0, n〉
= cos(gt
√
n)|0, n〉 − i sin(gt√n)|1, n− 1〉, (5)
so that the wave function at some time t [6] reads as
|ψ(t)〉 =
∞∑
n=0
{
[βCn cos(g
√
n+ 1t)− iαCn+1 sin(g
√
n+ 1t)]|1〉
+[−iβCn−1 sin(g
√
nt) + αCn cos(g
√
nt)]|0〉}|n〉
with the detuning parameter ∆ = ω − ν being set to zero.
Now, assuming that the atom is initially in its ground state
i.e., α = 1 and β = 0, the population inversion [8] of this
system is
W (t) =
∞∑
n=0
|Cn|2 cos(2gt
√
n). (6)
In the above expression, |Cn|2 stands for the initial photon
distribution. Here we consider a sub-Poissonian statistics, i.e.,
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FIG. 1. Various types of revivals in time-evolution of the JC model.
The population inversion is plotted on the vertical axes against time
on the horizontal ones, for n¯ = 50, ∆n = 2. The revivals in the
early times in (a) are quite different from those in the later ones.
So, there are revivals of period TR
3
in (b) (fractional revivals), and
super-revivals for 99TR < t < 101TR in (c). All axes represent
dimensionless parameters. See text for references where this figure
was previously plotted and analyzed.
∆n  n¯, with n¯ and ∆n being the mean and standard devi-
ation of photon distribution. As in [6], we choose the initial
state of the field as a Gaussian distribution of Cn, viz. Cn
being real, and
C2n =
1√
2pi∆n
exp[− (n− n¯)
2
2∆n2
]. (7)
The time evolution of the population inversion for an initially
large averge number of photons gives rise to the collapse and
revival phenomenon. The revival period TR can be estimated
as the time when the n¯th and (n¯+ 1)th components are in the
same phase. The expression of TR for large n¯ is [8]
TR =
2pi
√
n¯
g
. (8)
With the increase of time, fractional revivals and super-
revivals can also occur [6]. See Fig. 1.
III. THE JAYNES-CUMMINGS MODELWITH A
QUENCHED DISORDERED COUPLING
The presence of different types of randomness or disorder
in the parameters describing the quantum system, or inhomo-
geneity in the medium of the system, can have a multitude
of consequences, like the breakdown of periodicity in that
medium. This in turn can result in localization behavior of
the wave function, in certain regions of the medium. This lo-
calization, in the context of cooperative phenomena was first
3suggested by P. W. Anderson in [27], where diffusive waves
were shown to vanish in presence of a disordered medium.
Introducing disorder can lead to an altered nature in behavior
of different other physical quantities of the system. The dis-
order may either be inherent in the physical realization of the
quantum system, or it may be artificially incorporated in the
system. The relevant value of a physical quantity of a disor-
dered system is obtained by an averaging over a large num-
ber of realizations of the disorder. Depending on the charac-
teristic time-scales of the system and the disorder, there are
two paradigmatic methods of this averaging - “annealing” and
“quenching”. We will discuss the second one, i.e., quenched
disorder and the corresponding averaging, in the next subsec-
tion. In the rest of the paper, we consider different distribu-
tions of quenched disorder in the system parameters of the
JC model, and study the response to it on characteristics like
population inversion and entanglement of the system.
The investigation of effects of disorder in the Jaynes-
Cummings model can hardly be overemphasized. It is of-
ten challenging to fabricate a perfect cavity with a uniform
field inside, and a two-level atom with a fixed energy differ-
ence between its levels. In reality, it is more probable to have
some disorder in the tuning of the parameters, due to the non-
achievement of ideal experimental situations. Previous work
on systems akin to the JC model in presence of disorder in-
clude [28–30].
The aim in this paper is to find the response, of population
inversion and atom-photon entanglement in the JC model, and
atom-atom entanglement in a double JC model, to quenched
disorder in the atom-photon coupling(s). We will consider
four types of quenched disordered couplings, three of which
are continuous while one is discrete. Among the continuous
ones, two have finite mean and standard deviation, while for
the third, the quantities are undefined.
Quenched disorder
A system parameter is said to be quenched disordered when
the equilibration time of the disorder in the system is much
larger than the typical observation time that is being consid-
ered. This means that these disordered parameters, for a par-
ticular realization of the disorder, virtually do not change dur-
ing the time of observation. They may change after a long
time, but that range of time is not in the domain of our inter-
est. Such systems are often referred to as “glassy” [31], and
likewise, we term a Jaynes-Cummings model with this type of
disorder, as a glassy Jaynes-Cummings model.
Models of disorder
We consider an insertion of disorder in the atom-cavity cou-
pling strength g in the interaction Hamiltonian HI . This is re-
alistically justifiable because the fluctuation of position of the
atom inside the cavity, if any, can give rise to a fluctuating g.
The interaction Hamiltonian with disorder is written as
H˜I = ~g(1 + δ)(|1〉〈0|a+ |0〉〈1|a†), (9)
where the disorder is modelled by δ, which we have taken to
have different continuous and discrete distributions. Specifi-
cally, we have assumed the following types of the disorders: •
Gaussian quenched disorder: In this case, δ is chosen to be
from a Gaussian distribution with zero mean and standard de-
viation, s, so that the corresponding probability density func-
tion is given by
P (δ = δ) =
1
s
√
2pi
e−
1
2 (
δ
s )
2
, −∞<δ<∞. (10)
We will often refer to the dispersion of a distribution of a dis-
ordered system parameter, as quantified by the standard devi-
ation or the “semi-interquartile range” (see below for a defini-
tion) of the distribution, to gauge (measure) the “strength” of
the disorder introduced.
• Uniform quenched disorder: In this instance, δ is dis-
tributed as
P (δ = δ) = 1, −s
2
≤ δ ≤ s
2
(11)
= 0, otherwise.
• Discrete quenched disorder: In this case, δ is distributed
as
P (δ = δ) =
1
2
, δ = ±s
2
(12)
= 0, otherwise.
Note that unlike the other cases, we have considered here a
discrete probability distribution.
• Cauchy-Lorentz quenched disorder: This disorder is dif-
ferently distributed as compared to the previous three types of
disorder, because the mean does not exist for this distribution.
In this instance, δ is distributed as
P (δ = δ) =
s
pi
1
δ2 + s2
, −∞ < δ <∞. (13)
It is a continuous probability distribution, whose mean, i.e.,∫∞
−∞ δP (δ = δ)dδ, does not exist.
Median
The mean of a probability distribution is a very important
measure of central tendency. However, in instances when it
does not exist and in some other cases, it is fruitful to consider
the median [32]. The median M of a continuous probability
distribution P (δ), is its middlemost value, and is given by∫ M
−∞
P (δ = δ)dδ =
1
2
.
One can similarly identify the first and third quartiles, respec-
tively, as∫ Q1
−∞
P (δ = δ)dδ =
1
4
and
∫ Q3
−∞
P (δ = δ)dδ =
3
4
,
with the median having the second quartile. The semi-
interquartile range, 12 (Q3−Q1), may be asked to play the role
4of the standard deviation, being another measure of dispersion
of the probability distribution. For a discrete probability dis-
tribution, P (A = ai) = pi, of a random variable A, the me-
dian can be defined as 12 (a˜r + ˜ar+1), if
∑
i≤r
P˜i <
1
2 <
∑
i>r
P˜i,
and as a˜r, if
∑
i≤r
P˜i =
1
2 , where {a˜i} is an ordered set, ar-
ranged in ascending or descending order and is equal to {ai}
as a set. And, P (A = a˜i) = p˜i.
Quenched averaging
A physically relevant value of a system characteristic of a
disordered physical system is obtained by a suitable averaging
over the disorder. If the disorder parameters are quenched dis-
ordered, the averaging has to be performed only after all other
relevant operations have already been carried out. In particu-
lar, for finding the quenched averaged atom-photon entangle-
ment of the system described by the JC Hamiltonian H˜I of
Eq. (9), we first evaluate the entanglement Eδ(t), of the rel-
evant quantum state ψδ(t) for an arbitrary but fixed time, t.
The quenched averaged entanglement is then given by∫ ∞
−∞
Eδ(t)P (δ = δ)dδ,
where the integral is to be replaced by a sum for discrete prob-
ability distributions. If such an integral or sum cannot be
handled analytically, we take recourse to a numerical method.
Typically, we will then Haar uniformly generate N instances
of the disorder δ, and if they are referred to as δi, the quenched
averaged entanglement will be
1
N
N∑
i=1
Eδi(t),
with the N being sufficiently large that convergence, till a
certain precision, with respect to N has been reached. This
avenue for finding the quenched averaged quantity, however,
preassumes that the integrals and sums converge to finite val-
ues, which may not be guaranteed, in general, for probability
distributions without a finite mean. For example, if P (δ) is a
Cauchy-Lorentz distribution, we will consider the median of
the set {Eδi(t)}Ni=1 as the quenched averaged entanglement,
where N is again chosen to be sufficiently high so that con-
vergence, till a certain precision, with respect to N has been
reached.
IV. LOCALIZATION OF POPULATION INVERSION FOR
GAUSSIAN QUENCHED DISORDER
A Gaussian distributed disorder has a very prominent effect,
as compared to other types of disorder, on the dynamics of
population inversion of the JC model. Suppose we choose δ
as a random variable from the Gaussian distribution with zero
mean and standard deviation s. So, the population inversion
for the Gaussian disorder after quenched averaging, is
WG(t) =
∞∑
n=0
C2n
∫ ∞
−∞
cos(2g(1 + δ)t
√
n)
e−
δ2
2s2
s
√
2pi
dδ
=
∞∑
n=0
C2n cos(2gt
√
n)e−2ns
2g2t2 .
Using Eq. (8), we get
WG(t) =
∞∑
n=0
C2n cos(2gt
√
n)e
−8pi2nn¯s2( tTR )
2
. (14)
As seen in Fig. 2 (left panel), we obtain a very sharp decay
in the collapse-revival phenomenon of population inversion in
the presence of Gaussian quenched disorder. After a mod-
erately long time, the revivals completely disappear. In the
figure, the decaying nature has been depicted for a very small
standard deviation, namely 0.001, of the Gaussian distribution
of δ (the mean being kept as vanishing), because for larger
standard deviation, the decay is very strong and we could not
find any appreciable revivals. The threshold standard devia-
tion for which there is no appreciable revival is approximately
0.005. Note that δ is a dimensionless quantity. The collapse-
revival phenomenon, therefore, is rather strongly “localized
in time” in response to Gaussian disorder in the atom-photon
coupling.
V. RESPONSE OF POPULATION INVERSION TO
NON-GAUSSIAN DISORDER
• Uniform quenched disorder: When δ is chosen randomly
from a uniform distribution in the interval [−s/2, s/2], the
quenched averaged population inversion is
WU (t) =
∞∑
n=0
C2n
∫ s
2
− s2
cos(2g(1 + δ)t
√
n)
1
s
dδ
=
∞∑
n=0
C2n
1
sgt
√
n
cos(2gt
√
n) sin(sgt
√
n)
=
∞∑
n=0
C2n
1
2pis
√
nn¯ tTR
cos(4pi
√
nn¯
t
TR
) sin(2pis
√
nn¯
t
TR
).
(15)
Comparing Eq. (14) with Eq. (15), we see that while the sup-
pression of the revivals in case of Gaussian quenched disorder
was exponential in time, it is only an inverse power suppres-
sion for uniform quenched disorder. See Fig. 3 (left panel) for
a depiction.
• Discrete quenched disorder: Here δ is chosen to take the
values − s2 and s2 randomly but with same probability. So, the
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FIG. 2. Left panel: Population inversion gets strongly localized in time in response to Gaussian quenched disorder in atom-photon interaction
of JC model. Quenched averaged population inversion is plotted on the vertical axes against time on the horizontal ones. The Gaussian disorder
has mean zero and standard deviation= 0.001. All axes represent dimensionless quantities. Just like in Fig. 1, n¯ = 50 and ∆n = 2, for the
initial photon distribution. The notation for the quenched average is WG here.
Right panel: Response of quenched averaged atom-photon entanglement to quenched Gaussian disorder in time-evolved state of JC model.
All considerations are the same as in Fig. 2 (left panel), except that the vertical axes are of entanglement, as quantified by local von Neumann
entropy, and measured in ebits.
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FIG. 3. Left panel:Population inversion gets localized for uniform quenched disorder, but not as strongly as for Gaussian disorder. All
considerations are the same as in Fig. 2 (left panel), except that the disorder is uniform, and although still has mean= 0, but has standard
deviation= 0.1. The notation for the quenched average is WU here.
Right panel:Effects of quenched uniform disorder on entanglement in time-evolution within JC model. All considerations remain the same as
in Fig. 3 (left panel), except that the vertical axes are now of entanglement, and measured in ebits.
6quenched averaged population inversion becomes
WD(t) =
∞∑
n=0
C2n
1
2
[cos(2g
√
n(1−s
2
)t)+cos(2g
√
n(1+
s
2
)t)]
=
∞∑
n=0
C2n cos(2g
√
nt) cos(sg
√
nt)
=
∞∑
n=0
C2n cos(4pi
√
nn¯
t
TR
) cos(2pis
√
nn¯
t
TR
). (16)
From Fig. 4 (left panel), we can see that the amplitudes of
the revivals are again suppressed, but the amount of suppres-
sion is very little, in comparison to those for Gaussian and
uniform disorders. The original nature of the collapse and
revival phenomenon is altered, but unlike the Gaussian and
uniform disordes, the fractional revivals and also the super-
revivals are present in this case. Hence, it is plausible that
discrete quenched disorder does not leave a strong effect on
the behavior of population inversion in a JC model.
• Cauchy-Lorentz quenched disorder: If δ is chosen from
a Cauchy-Lorentz quenched disorder with vanishing median
and semi-interquartile range s, we calculate the quenched av-
eraged population inversion by finding the median of the dis-
tribution of population inversions for different realizations of
the disorder. See Sec. III for the method of numerically esti-
mating the median. Fig. 5 (left panel) exhibits the nature of
this median-based quenched averaged population inversion in
presence of quenched Cauchy-Lorentz disorder. This nature is
quite similar to that for the quenched Gaussian disorder case.
Among all the impurities considered here, we find that dis-
crete quenched disorder provides the highest robustness to the
phenomenon of collapse and revival of population inversion.
VI. ATOM-PHOTON ENTANGLEMENT IN THE
JAYNES-CUMMINGS MODEL
If the population inversion of the atom-photon pure quan-
tum state is ±1, the atomic state is in a pure state, preclud-
ing any atom-photon entanglement. This holds irrespective
of whether disorder is present in a system parameter, which
would then necessiate disorder averaging. The population in-
version is seldom extremal, being instead much more often
at zero. A vanishing population inversion in the atomic en-
ergy eigenbasis may imply a significant amount of the same
in a basis complementary to the atomic energy basis, thereby
again indicating zero entanglement. But it may also imply
near-maximal atom-photon entanglement if all such popula-
tion inversions are insignificant. In other words, studying the
population inversion may not conclusively infer the complete
information about atom-photon entanglement.
In this and the succeeding sections, we study the behavior
of atom-photon entanglement with time in the JC model. The
cases of the disordered couplings are dealt with in the suc-
ceeding section, while the ordered case is briefly described in
this. The entanglement, being of a pure two-party quantum
state at all times, can be measured by using the von Neumann
entropy of any of the local density matrices. See [33] in this
regard. We will see that the atom-atom entanglement, consid-
ered later in this paper and being for a mixed state in the time
evolution of a double JC model, has to be measured differ-
ently.
Let us assume that initially the atom is in the ground state.
Using Eq. (4), we get the wave function of atom-photon sys-
tem at time t, as
|ψ(t)〉 =
+∞∑
n=0
[Cn cos(g
√
nt)|0〉|n〉 − iCn+1 sin(g
√
n+ 1t)|1〉|n〉].
After tracing out the field part, the reduced density matrix of
the atomic subsystem is
ρ =
[
a ib
−ib 1− a
]
, (17)
where
a =
∞∑
n=0
C2n cos
2(g
√
nt),
b =
∞∑
n=0
CnCn+1 cos(g
√
nt) sin(g
√
n+ 1t),
with Cn being given by Eq. (7). The entanglement of the
time-evolved state is given by the von Neumann entropy of
one of the reduced density matrices, i.e.,
E(t) = −λ1 log2 λ1 − λ2 log2 λ2, (18)
where λ1 and λ2 are the eigenvalues of ρ, given by
λ1/2 =
1
2
(1∓
√
1 + 4b2 − 4a+ 4a2).
We plot the time-dynamics of atom-photon entanglement in
Fig. 6. We can see that initially the entanglement increases,
in an oscillatory way, from 0 to 1, but with further increase of
time, the atom-photon system drifts far from the maximally
entangled situation. After that, the entanglement again goes
closer to 1 and this behaviour repeats periodically. The be-
havior changes at even further times, when the entanglement
may remain significantly close to maximal for long durations.
In the succeeding section, we will look at the behavior of
entanglement in the time evolved state in presence of different
types of disorder.
VII. RESPONSE OF ATOM-PHOTON ENTANGLEMENT
TO DISORDER
Just as for the ordered case, it is almost never possible to
infer the behavior of quenched averaged atom-photon entan-
glement from that of quenched averaged population inversion,
obtained in the disordered case. We study here the time-
dynamics of quenched averaged atom-photon entanglement
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FIG. 4. Left panel: Population inversion retains much of its features even in presence of disorder that is discrete in nature. All considerations
are the same as in Fig. 3 (left panel), except that the disorder is from the discrete distribution, as mentioned in the text. The notation for the
quenched average is WD here.
Right panel: Effects of a quenched discrete disorder in coupling of JC model on entanglement of time evolved state. All considerations remain
the same as in Fig. 4 (left panel), except that the vertical axes are now of entanglement, being measured in ebits.
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FIG. 5. Left panel: Median-based quenched averaged population inversion gets localized in time for quenched Cauchy-Lorentz disordered
coupling in JC model. All considerations are the same as in Fig. 2 (left panel), except that the disorder distribution is Cauchy-Lorentz with
its semi-interquartile range s = 0.001, and that the quenched averaging is the median-based one. The notation for the quenched averaged
population inversion is WC here.
Right panel: Quenched Cauchy-Lorentz disorder in JC model and its effect on entanglement in time-evolved state. All aspects remain the
same as in Fig. 5 (left panel), except that the vertical axes here are of entanglement and measured in ebits.
for the same time evolution and same models of disorder for
which we had examined population inversion. Since the dis-
order is assumed to be quenched, we average over the disor-
der after evaluating the entanglements for given realizations
of disorder.
• Gaussian quenched disorder: For a choice of disorder be-
ing randomly selected from a Gaussian distribution with zero
mean and standard deviation = 0.001, the short-time behav-
ior of quenched averaged entanglement is significantly close
to that for the clean case. Compare the top diagrams of Figs.
6 and 2 (right panel). This is rather close to the response
of population inversion to Gaussian disordered couplings, at
short times. See the top diagrams of Figs. 1 and 2 (left
panel). For longer times, both population inversion and entan-
glement become relatively featureless in the disordered case,
while the behaviors in the ordered case of both are rich in
features. However, while the longer time quenched averaged
population inversion is almost zero, the same of entanglement
is almost maximal: while the latter implies the former, the
other-way implication is not true.
We wish to make the following note about the choice of
the value of standard deviation of the disorder. For the case of
8 0
 0.5
 1
 0  0.5  1  1.5  2
 0
 0.5
 1
 14  14.5  15  15.5  16
 0
 0.5
 1
 34  34.5  35  35.5  36
E
 0
 0.5
 1
 99  99.5  100  100.5  101
 0
 0.5
 1
 124  124.5  125  125.5  126
t/T
R
FIG. 6. Time evolution of atom-photon entanglement in the JC
model. The vertical axes are for entanglement and they are measured
in ebits. The horizontal axes are dimensionless. All other considera-
tions are the same as in Fig. 1.
population inversion, we had set it to the relatively small value
of 0.001, because higher values lead to complete suppression
of the collapse-revival phenomenon of disorder-averaged pop-
ulation inversion. The situation is somewhat different for the
disorder-averaged atom-photon entanglement. Higher values
of the standard deviation keeps the profile of the disorder-
averaged entanglement to approximately the same as that for
0.001, with an interesting distinction. For standard deviation
= 0.001, there is a strongly oscillating behavior of the profile
of disorder-averaged entanglement within an oscillating en-
velope at near-initial times. See the top diagram of the right
panel of Fig. 2). For higher standard deviations, this strongly
oscillating behavior is suppressed, and occurs for very small
initial times only.
• Uniform quenched disorder: The effect of this disorder is
quite similar to that of the Gaussian disorder, but for a higher
value of the standard deviation. Compare the right panels of
Figs. 2 and 3. This is in contrast to the relative behaviors
of population inversion in response to Gaussian and uniform
disorders: quenched averaged population inversion had much
more features for uniform disorder in comparison to that for
Gaussian disorder. Compare the left panels of Figs. 2 and
3. The standard deviation of the disorder has been chosen to
be 0.1 for the diagrams in the panels of Fig. 3. The features
of the envelope of the disorder-averaged entanglement remain
approximately unaltered for other values of the standard devi-
ation of the disordered interaction. However, for higher values
of the standard deviation, the strong oscillations within the en-
velope for near-initial times are suppressed.
•Discrete quenched disorder: Fig. 4 (right panel) shows the
nature of atom-photon entanglement in presence of the dis-
crete quenched disorder. In contrast to the previous cases of
disorder, the discrete disorder retains much more features of
the clean case, especially for longer times.
• Cauchy-Lorentz quenched disorder: Fig. 5 (right panel)
shows the effect of this disorder. It is very similar to that due
to Gaussian disorder, just as for population inversion.
VIII. ENTANGLEMENT IN TIME EVOLUTION OF
QUENCHED DISORDERED DOUBLE JAYNES-CUMMINGS
MODEL
In this section, we want to investigate the behavior of atom-
atom entanglement in a double Jaynes-Cummings model.
In a double Jaynes-Cummings model, there are two non-
interacting atoms, each inside a cavity, and the cavities are
isolated from each other. We will study the effect on the
time evolution of an initially entangled state, between the two
atoms, due to presence of disorder in the atom-cavity interac-
tion strengths. A note on the initial entanglement is in order
here. The atoms are non-interacting for t ≥ 0, and therefore,
such an interaction cannot create any entanglement. There-
fore, the initial entanglement is to be created by a mechanism
that is independent of the Hamiltonian effective for t ≥ 0.
The double JC Hamiltonian is given by
H = ~ω
2
σAz + ~(GAσA+a+G∗AσA−a†) + ~νa†a
+
~ω
2
σBz + ~(GBσB+b+G∗BσB−b†) + ~νb†b (19)
where ω is the natural transition frequency between the ex-
cited state |1〉 and the ground state |0〉 of both the atoms,
a†(a) and b†(b) are the creation (annihilation) operators of
the two single-mode fields with natural angular frequency ν.
σ+ = |1〉〈0| and σ− = |0〉〈1|, while σz is the Pauli-z opera-
tor. The superscripts A and B on them refer to the two atoms.
GA(GB) is the coupling strength between atom A (B) and its
cavity. The behavior of entanglement in the time dynamics of
an initially entangled state when the dynamics is governed by
the double JC Hamiltonian has been studied before. In partic-
ular theGA = GB case was studied in [16, 17, 21, 23–25] and
the GA 6= GB case in [19, 20, 24]. Here, we assume ω = ν
for simplicity, but keep GA 6= GB , in general, and study the
response of atom-atom entanglement in time-evolved state to
quenched disordered atom-cavity couplings.
In the ordered case, an interesting phenomenon uncovered
a few years back in the time-evolved state of the double JC
model is “entanglement sudden death” – entanglement van-
ishes with a non-continuous derivative with respect to time,
and remains zero for a finite range of time for certain combi-
nations of parameters in the initial state and the Hamiltonian.
Below, we separately and briefly review the cases of absence
and presence of sudden death of entanglement in the clean
cases, and after each case, we correspondingly consider the
response of the general properties of entanglement and of en-
tanglement sudden death to quenched disorder in the coupling
strengths of atom-cavity interactions.
9A. When sudden death of entanglement is not present in clean
Hamiltonian
1. Review of the clean case
While the cases for which there is sudden death of entan-
glement in the double JC model are more appealing and have
justly received more attention, there are also certain families
of initial states for which the same model does not exhibit the
phenomenon [17, 19, 21, 23, 24]. We briefly recapitulate the
corresponding results.
Consider a partially-entangled atomic pure state which is in
the span of the two Bell states, |ψ±〉, and is given by
|ψatom〉 = cosα|1A, 0B〉+ sinα|0A, 1B〉, (20)
where |ψ±〉 = 1√2 (|01〉 ± |10〉).
We assume that both the cavities are prepared initially in the
vacuum states, |0a〉 and |0b〉. So, the initial state for the total
system is
|ψ0〉 = (cosα|1A, 0B〉+ sinα|0A, 1B〉)⊗ |0a0b〉, (21)
where the suffixes a and b indicate states of the cavities inter-
acting with atoms A and B respectively. The evolved state of
the double atom-cavity system can be written as
|ψt〉 = e− iHt~ [(cosα|1A, 0B〉+ sinα|0B , 1A〉)⊗ |0a0b〉]
Using Eqs.(4) and (5), we get
|ψt〉 = [cosα{cos(GAt)|1A, 0a〉−i sin(GAt)|0A, 1a〉}|0B , 0b〉+sinα|0A, 0a〉{cos(GBt)|1B , 0b〉−i sin(GBt)|0B , 1b〉}] (22)
After tracing out the cavity parts, we have the density matrix
for the two-atom system as
ρAB(t) =
 0 0 0 00 a p 00 p∗ b 0
0 0 0 1− a− b
 , (23)
where
a = cos2 α| cos(GAt)|2
b = sin2 α| cos(GBt)|2
p = cosα sinα cos(G∗At) cos(GBt).
we now wish to evaluate the entanglement of the two-atom
state. An information-theoretically meaningful entanglement
measure is the entanglement of formation, which reduces to
the local von Neumann entropy for pure bipartite states [34].
For two-qubit systems, the entanglement of formation is re-
lated to the “concurrence” via a monotonically increasing
function [35], and therefore, we use concurrence to measure
the entanglement of ρAB , the state of the two atoms. The con-
currence of a two-qubit state ρ is given by
C = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4} (24)
where λ1, λ2, λ3 and λ4 are the eigenvalues, arranged in de-
creasing order, of the matrix ρρ˜, where
ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy),
with σy being the Pauli-y matrix. Consequently, the concur-
rence of the two atoms is
C(t) = | sin 2α cos(GAt) cos(GBt)|. (25)
In Fig. 7, the time-evolution of entanglement between the
two atoms is exhibited for the cases when GA = GB and also
when GA is slightly different from GB .
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FIG. 7. Atom-atom entanglement in the time-evolved state of the
double Jaynes-Cummings model. We exhibit here the behavior with
respect to time of the atom-atom entanglement, as quantified by con-
currence, within the double JC model, when the evolution starts off
from the state in Eq. (21), for α = pi
6
. We choose GA = 0.9GB
in diagram (a), while GA = GB in diagram (b). The vertical axes
represent concurrence and are measured in ebits, while the horizontal
ones are of a dimensionless time.
2. Response to disordered couplings
Moving to the disordered case, we will now investigate the
behavior of concurrence between the two atoms in presence
of quenched disorder in coupling strengths. The Hamiltonian
10
of the double JC model with disordered couplings is
H˜ = ~ω
2
σAz + ~(1 + δA)(GAσA+a+G∗AσA−a†) + ~νa†a
+
~ω
2
σBz + ~(1 + δB)(GBσB+b+G∗BσB−b†) + ~νb†b, (26)
where δA and δB are quenched disordered system parameters.
For a given realization of δA and δB , the atom-atom concur-
rence is
CδAδB (t) = | sin 2α cos(GA(1 + δA)t) cos(GB(1 + δB)t)|.
(27)
We will now choose δA and δB from different types of distri-
butions.
• Gaussian quenched disorder: In this case, we choose δA
and δB randomly and independently from Gaussian distribu-
tions. In Fig. 8, we have shown the nature of the time evolu-
tion of quenched disordered entanglement for three cases. In
general, the short-time quenched averaged entanglement has
oscillations, which decreases in time to reach a steady value.
The latter is nearly equal to the average concurrence in the cor-
responding case without disorder, although in the clean case,
the oscillations do not die out with time. How fast the average
value is reached, depends on the standard deviations of δA and
δB . Larger the standard deviations, the faster the concurrence
reaches the average value. This nature is quite similar to that
in the single JC model with Gaussian disordered atom-cavity
coupling, in which the population inversion and also the atom-
photon entanglement approached a steady state value; but the
speed of the approach depended on the standard deviation of
the disordered coupling strength.
• Uniform quenched disorder: Here we choose δA and δB
randomly and independently from uniform distributions in the
range [− s2 , s2 ] and [− r2 , r2 ], respectively. In Fig. 9, we can see
that introduction of a uniform disorder also shows a decay to
a steady value for the time-evolved quenched averaged entan-
glement, but the rate of decay is weaker than that for Gaussian
quenched disorder. The rate depends on the values of the dis-
order strengths. Once again, larger the disorder strength (as
measured by the corresponding standard deviation), quicker
is the suppression of amplitude of oscillations. Like for Gaus-
sian disorders, the steady-state value is again similar to the
average of the clean case.
• Discrete quenched disorder: Here, δA and δB are chosen
from the two-element sets {− s2 , s2} and {− r2 , r2} respectively,
with equal probabilities of having− s2 (− r2 ) and s2 ( r2 ). Fig. 10
shows the behavior of quenched averaged concurrence with
discrete quenched disorder. It does not show any sign of de-
cay with time in response to the insertion of the quenched
disordered couplings. The frequency of the oscillations in-
creases with increase in standard deviations of the disordered
couplings. If the values of the disorder strengths for the two
δ’s are different, then we get revivals with nonuniform ampli-
tudes.
• Cauchy-Lorentz quenched disorder: Here we have cho-
sen δA and δB from Cauchy-Lorentz distributions and the
quenched average is calculated by using the median of the cor-
responding distribution of atom-atom entanglement. In Fig.
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FIG. 8. Atom-atom entanglement in double JC model quickly attains
a non-zero steady-state value in response to Gaussian quenched dis-
order. This is for the initial state corresponding to which the clean
case is devoid of entanglement sudden death. The constant steady-
state entanglement in the disordered case is to be compared with the
strongly oscillating behavior of entanglement in time in the ordered
case. See Fig. 7. This can be seen as an advantage of the insertion
of disorder for practical utilization of the atom-atom entanglement.
In the ordered case, to obtain a high entanglement, we would be re-
quired to “freeze” the system at certain specific times. However, in
the disordered case, the freezing mechanism is automatically pro-
vided by the system dynamics, as a steady-state entanglement, not
varying in time for moderately high times, is present, although its
value is about half the maximal entanglement reachable in the or-
dered case. The vertical axes of the diagrams represent quenched
averaged concurrence, measured in ebits, while the horizontal axes
represent a dimensionless time. δA and δB are independently Gaus-
sian disordered with mean zero and certain (non-zero) standard de-
viations. The different diagrams are for different sets of standard de-
viations, as marked on them. The notation δA = N(0, 0.1) implies
that δA is chosen randomly from a Gaussian (i.e., normal) distribu-
tion with mean zero and standard deviation 0.1. Similarly, the others.
Here GA = GB = g.
11 we can see that the effect of Cauchy-Lorentz quenched dis-
order is almost the same as that of Gaussian quenched disor-
der. Compare with Fig. 8.
B. When sudden death of entanglement is present in clean
Hamiltonian
1. Review of the clean case
We now move over to the scenario where the initial state
is so chosen that the clean Hamiltonian manifests the phe-
nomenon of entanglement sudden death. For this case we will
take a partially entangled atomic pure state which is a member
of the span of the two Bell states |ϕ±〉, and is written as
|ϕatom〉 = cosα|1A, 1B〉+ sinα|0A, 0B〉,
11
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FIG. 9. Response of atom-atom entanglement to uniform quenched
disorder. The considerations are the same as in Fig. 8, except that the
disorders are uniform, and the values of r and s mentioned in each
diagram refer to the standard deviations of δA and δB used for the
plot in that diagram.
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FIG. 10. Time evolution of atom-atom concurrence with discrete
quenched disordered couplings. The considerations are the same as
in Fig. 8, except that here the disordered couplings are independent
discrete random variables. Precisely, δA and δB are independent dis-
crete random variables taking up values± s
2
and± r
2
respectively and
with equal probabilities. The different values of s and r used in the
different diagrams are marked therein.
where |ϕ±〉 = 1√2 (|00〉 + |11〉). So, the initial state for the
total system is
|ϕ0〉 = (cosα|1A, 1B〉+ sinα|0A, 0B〉)⊗ |0a0b〉. (28)
Now, using Eq. (4) and Eq. (5), the wave function at time t is
|ϕt〉 = [cosα{cos(GAt)|1A, 0a〉− i sin(GAt)|0A, 1a〉}⊗{cos(GBt)|1B , 0b〉− i sin(GBt)|0B , 1b〉}+sinα|0A, 0a〉⊗|0B , 0b〉].
(29)
Tracing out the cavity parts, we have the density matrix for
the two-atom system as
ρAB =
 e 0 0 h
∗
0 f 0 0
0 0 g 0
h 0 0 1− e− f − g
 , (30)
where
e = cos2 α| cos(GAt) cos(GBt)|2
f = cos2 α| cos(GAt) sin(GBt)|2
g = cos2 α| sin(GAt) cos(GBt)|2
f = cos2 α| sin(GAt) sin(GBt)|2 + sin2 α
h = cosα sinα cos(GAt) cos(GBt).
The atom-atom concurrence is therefore
C˜(t) = max
{
0, | sin 2α cos(GAt) cos(GBt)|
− 1
2
cos2 α| sin(2GAt) sin(2GBt)|
}
.
(31)
In Fig. 12, we can see that there are sudden deaths of en-
tanglement, followed by revivals, for both the cases when
GA = GB [16, 17, 21, 23–25] and when GA is slightly dif-
ferent from GB [19, 20, 24]. Here, by the phrase “sudden
death”, it is meant that entanglement vanishes at a point in
time in such a way that its derivative is discontinuous there.
Note that we can express C˜(t) as
max{0, C(t)− 1
2
cos2 α| sin(2GAt) sin(2GBt)|},
where C(t) is the entanglement in the case when there is no
sudden death, given by Eq. (25). From the expression for
C(t), it is clear that it cannot exhibit entanglement sudden
death. The positive quantity 12 cos
2 α| sin(2GAt) sin(2GBt)|
getting subtracted from C(t) creates the possibility that C˜(t)
may exhibit entanglement sudden death, although this is not
guaranteed, and depends on the relative values ofC(t) and the
additional quantity 12 cos
2 α| sin(2GAt) sin(2GBt)|.
12
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FIG. 11. Decay of atom-atom entanglement oscillations in response
to Cauchy-Lorentz disordered couplings. The quenched averaged
concurrence is calculated by using the median of the concurrence
distribution generated by the quenched disordered couplings. The
semi-interquartile ranges of the Cauchy-Lorentz distributions of δA
and δB are denoted by s and r respectively. All other considerations
remain the same as in Fig. 8. The profiles in the different diagrams
in the figure are similar to the ones in the case of Gaussian disorder
(see the corresponding diagrams in Fig. 8), although the Cauchy-
Lorentz disorder leads to slightly more oscillations before reaching
the steady-state values.
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FIG. 12. Entanglement sudden death. See text for references where
this phenomenon and the picture above were discussed, analyzed,
and plotted. All considerations are the same as in Fig. 7, although
the profiles are significantly different. Especially, there are semi-
periodically appearing points on the time axis where entanglement
vanishes with a discontinuous derivative, remains zero for a finite
span of time, and becomes non-zero (“revival”) again, and again with
a discontinuous derivative. Also, the initial state of evolution is a
different one here. See text.
2. Response to disordered couplings
As for the case where entanglement sudden death is absent,
we now consider quenched disordered coupling strengths
within the Hamiltonian H˜. The concurrence, for a given real-
ization of the disordered parameters is given by
C˜δAδB (t) =
max
{
0, | sin 2α cos(GAt(1 + δA)) cos(GBt(1 + δB))|
− 1
2
cos2 α| sin(2GAt(1 + δA)) sin(2GBt(1 + δB))|
}
.
(32)
Just like in the ordered case, we find that C˜δAδB (t) can be
expressed as
max
{
0, CδAδB (t)
− 1
2
cos2 α| sin(2GAt(1 + δA)) sin(2GBt(1 + δB))|
}
,
(33)
where CδAδB (t) is the entanglement for a particular configu-
ration of disorder in the case when there is no sudden death, as
given by Eq. (27). An average over the disorder for CδAδB (t)
cannot exhibit entanglement sudden death. However, the
positive quantity, 12 cos
2 α| sin(2GAt(1 + δA)) sin(2GBt(1 +
δB))|, after averaging over the disorder will remain posi-
tive, and when subtracted from a disorder-averagedCδAδB (t),
creates the possibility of entanglement sudden death, even
after disorder averaging. However, whether entanglement
sudden death will actually be exhibited will depend on
the relative values of the disorder-averaged CδAδB (t) and
1
2 cos
2 α| sin(2GAt(1 + δA)) sin(2GBt(1 + δB))|.
• Gaussian quenched disorder: The quenched averaged
time-evolved concurrence, corresponding to which the clean
case has entanglement sudden death, has a behavior that is
quite similar to the case for which the clean case does not ex-
hibit the sudden death. An important difference is obtained
when the disorder strengths are weak, and in such cases, for
short times, the sudden death of the clean case persists in the
disordered one. See Fig. 13, and compare with Fig. 8. Note
that disorder averaging can lead to situations where the sudden
death in the ordered case is transformed into a non-inflexion
double root of the profile of disorder-averaged entanglement
as a function of time.
• Uniform quenched disorder: Fig. 14 shows the nature
of atom-atom concurrence in presence of uniform quenched
disorder in the coupling strengths. Just like for the Gaus-
sian disorder, the general behavior, post quenched averaging,
seems to obliterate the differences between the cases of pres-
ence and absence of entanglement sudden death in the corre-
sponding clean cases. The exceptions are when the disorder
strengths are low or the time of observation is longer. How-
ever, the obliteration by using uniform quenched disorder re-
quires more disorder strength than the Gaussian one. We re-
member that the standard deviation of a disorder is being used
to quantity the strength of that disorder.
• Discrete quenched disorder: Fig. 15 shows the behavior
of atom-atom concurrence in presence of discrete quenched
disorder. In this case, in contrast to the two previous cases of
13
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FIG. 13. Response of entanglement sudden death to Gaussian
quenched disorder in double JC model. All considerations are the
same as in Fig. 8, except that here the initial state of evolution is
given by Eq. (28). The sudden death can be avoided, unless the dis-
order strengths are very low, viz. standard deviations≈ 0.1 of δA and
δB . It is to be noted here that quenched averaging can transform an
occurrence of entanglement sudden death into a non-inflexion dou-
ble root of the function given by the disorder-averaged entanglement
with respect to time. Such instances in the above diagrams are to
within the numerical precision in our calculations.
continuous disorders, the phenomenon of entanglement sud-
den death persists for much longer time spans and for much
higher disorder strengths.
• Cauchy-Lorentz quenched disorder: Like in the previous
cases, here also Cauchy-Lorentz quenched disorder garners a
response that is similar to that for Gaussian disorder, although
the rate of decrease of amplitude of oscillations is less than
that for Gaussian disorder and also the phenomenon of entan-
glement sudden death persists to higher strengths of the dis-
order. Note that the strength of the Cauchy-Lorentz disorder
is measured by using the semi-interquartile range, while that
for the Gaussian one is quantified by employing the standard
deviation. The quenched averaged entanglement is calculated
by using the median. See Fig. 16 for depictions in a few cases.
Region of disorder and atomic parameters sustaining
entanglement sudden death: Let us now identify the regions
in the space of disorder and atomic parameters that support
entanglement sudden death, even after quenched averaging.
By “disorder parameters”, we mean the strengths of the
disorders inserted in the atom-cavity couplings. By “atomic
parameter”, we mean the parameter α of the initial state
(in Eq. (28)) of the two atoms. In this three-dimensional
space, we find out the region for which entanglement sudden
death persists, vis-a`-vis the region which does not support the
same. These regions, for the four different types of disorders
considered in this paper, are depicted in Figs. 17, 18, 19 and
20. Except for small differences, the regions are quite similar
for uniform, discrete, and Cauchy-Lorentz disorders. The
region for Gaussian disorder is however significantly different
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FIG. 14. Higher disorder strength or longer time needed for uniform
disorder than for Gaussian to wipe out entanglement sudden death.
All considerations remain the same as in Fig. 13, except that the dis-
orders are uniform. The meanings of r and s in the different diagrams
are as in Fig. 9.
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FIG. 15. Persistence of entanglement sudden death despite onset of
discrete quenched disorder. All considerations are the same as in Fig.
13, except that the disorders are discrete. The meanings of r and s in
the different diagrams are the same as in Fig. 10.
and much smaller. The following note is in order here. In all
the previous discussions, we have seen that Cauchy-Lorentz
disorder inflicts a similar effect, qualitatively, on the system
characteristics as Gaussian disorder. There were however
quantitative differences. A measure of that difference is seen
in the difference in volumes of the regions where entangle-
ment sudden death is present, after quenched averaging, in
Fig. 17 and 20.
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FIG. 16. Response of atom-atom entanglement to Cauchy-Lorentz
disordered couplings in double JC model. All considerations are the
same as in Fig. 13, except that the disorderes are Cauchy-Lorentz.
The meanings of s and r are as in Fig. 11.
FIG. 17. How much disorder is needed to wipe out entanglement
sudden death, and its relation to initial entanglement in double JC
model. The initial state of the evolution is given by Eq. (28). For
points in the marked region, the quenched averaged entanglement
retains entanglement sudden death, while the same is absent in the re-
maining region. σA and σB are standard deviations of the Gaussian-
distributed δA and δB , the means of the latter being both zero. α
quantifies the amount of entanglement in the initial atom-atom state.
All quantities are dimensionless.
IX. CONCLUSION
In this paper, we have been concerned with the effects of
archetypal forms of quenched disorder in atom-cavity cou-
pling constants on the population inversion and the entangle-
ment of single and double Jaynes-Cummings models. We
have considered Gaussian as well as non-Gaussian models
of disorder, and the system characteristics are investigated in
their quenched averaged versions. The non-Gaussian distri-
FIG. 18. Absence and presence of entanglement sudden death in
quenched averaged entanglement for uniform disordered couplings
in double JC model. The considerations are the same as in Fig. 17,
except that the disorders are uniform, with s and r being standard
deviations of δA and δB respectively. The analysis is carried out for
0 ≤ s, r ≤ 1.
FIG. 19. Disorder strengths versus initial entanglement for entangle-
ment sudden death against discrete quenched disordered couplings
in double JC model. The considerations are the same as in Fig. 17,
except that the disorders are discrete, with s and r being standard
deviations of δA and δB respectively. We have considered values of
s and r in the range [0,1].
butions examined are uniform, discrete and Cauchy-Lorentz
ones. The analysis for the Cauchy-Lorentz distributed disor-
der necessitated the consideration of median-based quenched
averages, which we have duly introduced beforehand.
We began with the Jaynes-Cummings model of a single
two-level system and a single mode of an electromagnetic
field, for which we analyzed the response to disorder in atom-
cavity interaction of the population inversion as well as the
atom-photon entanglement. We found that Gaussian disor-
der strongly suppresses the collapse and revival phenomenon
of population inversion, while for non-Gaussian disorder, the
suppression is milder. For the atom-photon entanglement, we
15
FIG. 20. Median-based quenched averaged entanglement for
Cauchy-Lorentz disordered couplings in double JC model with re-
spect to entanglement sudden death. The considerations are the same
as in Fig. 17, except that the disorders are Cauchy-Lorentz, with
s and r being semi-interquartile ranges of δA and δB respectively.
Also, the quenched averaging is performed by considering the me-
dian instead of the mean. The semi-interquartile ranges are taken in
[0,1].
found in particular that the same can have non-trivial oscilla-
tions even when the population inversion has been suppressed.
For the double Jaynes-Cummings model, we focussed our
attention on the atom-atom entanglement, and its response to
quenched disorder in the atom-cavity interactions. There are
certain classes of entangled initial atom-atom states that lead
to the phenomenon of entanglement sudden death in the clean
double Jaynes-Cummings model. We looked at the effect of
quenched disorder in atom-atom entanglement in the cases
when the phenomenon is present as well as those in which the
same is absent. In particular, we provided the minimal values
of the disorder strengths that, for a given initial entanglement
in the atom-atom quantum state, will wipe out the possibility
of entanglement sudden death.
[1] E. T. Jaynes and F. W. Cummings, Proc. IEEE 51, 89 (1963).
[2] F. W. Cummings, Phys Rev. 140, A1051 (1965).
[3] J. H. Eberly, N. B. Narozhny and J. J. Sanchez-Mondragon,
Phys. Rev. Lett. 44, 1323 (1980).
[4] G. Rempe, H. Walther and N. Klein, Phys. Rev. Lett. 58, 353
(1987).
[5] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge
University Press, Cambridge, 1997).
[6] I. Sh. Averbukh, Phys. Rev. A 46, R2205(R) (1992).
[7] S. Dooley and T. P. Spiller, Phys. Rev. A 90, 012320 (2014).
[8] P. F. Go´ra and C. Jedrzejek, Phys. Rev. A 48, 3291 (1993).
[9] E. Boukobza and D. J. Tannor, Phys. Rev. A 71, 063821 (2005).
[10] S. J. D. Phoenix and P. L. Knight, Ann. Phys. (N.Y.) 186, 381
(1988).
[11] A. J. van Wonderen, J. Math. Phys. 43, 4692 (2002).
[12] T. Yu and J. H. Eberly, Phys. Rev. Lett. 93, 140404 (2004).
[13] S. S. Masood and A. Miller, arXiv:0705,0681.
[14] F.-Q. Wang, W.-C. Liu and R.-S. Liang, arXiv:0806.3884.
[15] S. Chan, M. D. Reid and Z. Ficek, J. Phys. B: At. Mol. Opt.
Phys. 42, 065507 (2009).
[16] A. R. Vieira, J. G. G. de Oliveira Junior, J. G. Peixoto de Faria,
M. C. Nemes, Braz. J. Phys., 44, 19 (2014).
[17] M. Yo¨nac, T. Yu and J. H. Eberly, J. Phys. B: At. Mol. Opt.
Phys. 39, S621 (2006).
[18] M. P. Almeida, F. de Melo, H. M. Meyll, A. Salles, S. P. Wal-
born, P. H. S. Ribeiro and L. Davidovich Science 316, 579
(2007).
[19] I. Sainz and G. Bjo¨rk, Phys. Rev. A 76, 042313 (2007).
[20] Y.-H. Hu, M.-F. Fang, J.-W. Cai and C.-L. Jiang, Int. J. Theor.
Phys. 47, 2554 (2008).
[21] Q.-H. Chen, Y. Yang, T. Liu and K.-L. Wang, Phys. Rev. A 82,
052306 (2010).
[22] R. Tanas´, in Quantum Dynamics and Information, eds. R.
Olkiewicz, W. Cegła, A. Frydryszak, P. Garbaczewski and L.
Jako´bczyk (World Scientific, Singapore, 2010), p. 179.
[23] G.-F. Zhang and X.-C. Xie, Eur. Phys. J. D 60, 423 (2010).
[24] L.-T. Shen, Z.-C. Shi, H.-Z. Wu and Z.-B. Yang, Entropy 19,
331 (2017).
[25] M. Pandit, S. Das, S. S. Roy, H. S. Dhar, U. Sen, J. Phys. B: At.
Mol. Opt. Phys. 51, 045501 (2018).
[26] Q. Liao, L. Yuan, Y. Fu, N. Zhou, Int. J. Theor. Phys. 58, 2641
(2019)
[27] P. W. Anderson, Phys. Rev. 109, 1492 (1958).
[28] E. Mascarenhas, L. Heaney, M. C. O. Aguiar and M. F. Santos,
New J. Phys. 14, 043033 (2012).
[29] J. Q. Quach, Phys. Rev. A 88, 053843 (2013).
[30] G. Kulaitis, F. Krger, F. Nissen and J. Keeling, Phys. Rev. A 87,
013840 (2013).
[31] D. Chowdhury, Spin Glasses and Other Frustrated Systems,
(World Scientific Publishing, Singapore, 1986); M. Mezard, G.
Parisi and M. Virasoro, Spin Glass Theory and Beyond: An In-
troduction to the Replica Method and Its Applications, (World
Scientific Publishing, Singapore, 1987); B. K. Chakrabarti, A.
Dutta and P. Sen, Quantum Ising Phases and Transitions in
Transverse Ising Models, (Springer, Berlin, 1996); H. Nishi-
mori, Statistical Physics of Spin Glasses and Information Pro-
cessing An Introduction, (Clarendon Press, Oxford, 2001);
S. Sachdev, Quantum Phase Transitions, (Cambridge Univer-
sity Press, Cambridge, 2011); S. Suzuki, J.-I. Inoue, B. K.
Chakrabarti, Quantum Ising Phases and Transitions in Trans-
verse Ising Models, (Springer, Berlin, 2013)
[32] W. Feller, An Introduction to Probability Theory and its Ap-
plications, (Wiley, New York, 1968); A. Gupta, Groundwork of
Mathematical Probability and Statistics, (Academic Publishers,
Kolkata, 2012).
[33] C. H. Bennett, H. J. Bernstein, S. Popescu and B. Schumacher,
Phys. Rev. A 53, 2046 (1995).
[34] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin and W. K. Woot-
16
ters, Phys. Rev. A 54, 3824 (1995). [35] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022 (1997);
W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
